In this report we will sketch a new approach to the theory of finite dimensional nonassociative algebras. Most of the results mentioned here are proved in a joint book with H. Braun [l] . Its intention is to give a satisfying theory for both Jordan algebras and alternative algebras without dealing too much with identities.
1. For simplicity, only finite dimensional algebras 31 with unit element e over a field $ of characteristic not 2 shall be considered. For u G 3Ï we define the powers of u by u m+1 = uu m . The left resp. right regular representation L{u) resp. R(u) are given by
uv = L(u)v = R(v)u.
Besides 31 we consider the commutative algebra 3I + defined in the same vector space as 31 with the product u ov = (uv+vu)/2. The left regular representation of 3l + 
is L+(u) = [L(u)+R(u)]/2.
By a field extension of a vector space or an algebra 31 we mean any tensor product $'®$3Ï, where $' is an extension field of <£. Let &i, &2, • • • , b n be a basis of 31 over $ and let be n, T2, • • • , r n elements algebraically independent over <E>. Putting $==$(n, r 2 , • • • , r n ) we denote by J?=$®$X the vector space obtained from the vector space X by extending 3> to l>. The element x = TI&I+T2&2+ • • • +f n & n of 3Î is called a generic element of 3t. Let X be a vector space over <£ and let ƒ be an arbitrary element in X. Then ƒ can be regarded as a rational function f(x) of x, because the components of ƒ with respect to a basis of X over <i > are rational in n, T2, • • • , r w . Hence /(x+r^), w£3t, is rational in the variable r. Since x is a generic element, the differential operator
ar l Tra0 is well defined. Moreover it is linear in u. This operator satisfies the usual rules for a differential operator.
2. Let 31 be a finite dimensional algebra over the field 4> with unit element e and let x be a generic element of 31. We call 31 an algebra with inverse if there exists an element x~1E:% such that
Since L(e) resp. R(e) is the identity the determinant of L(x) resp. R(x) is not the zero polynomial. Therefore x -1 is uniquely determined by x and is given by x~l = L~1(x)e = R~1(x)e. Moreover, x~l is homogeneous in x of degree -1. Denote by HN(x)> HN(e) = 1, the exact denominator of x~l. Then HN(x) is a homogeneous polynomial in x and a divisor of the determinant of L(x) and R(x).
For any field extension 33 of 21 we denote by 7(33) the set of elements ^G33 such that ur l is defined, i.e. such that HN(u)y^0. H(x)u = -A z x , we see that H(x) is rational in x and that x can be specialized to each element u G 7(33) for any field extension 33 of 21.
Applying A% on (2) and using the chain rule, we get
Id is the identity map. The Euler differential equation for the homogeneous rational function x~l leads to
Finally, the identities (1) implies
Thus, in particular, we get H(e) =Id and that H(x) is invertible.
Since any commutative algebra with unit element is an algebra with inverse ocr 1 = L" 1 (x)e 1 in general any result for those algebras must be trivial in the commutative case. 
Hence
u).
Consequently the algebra 2I + is given by the inverse xr 1 . 3. Any linear transformation W of an algebra 21 can be extended to a linear transformation of any field extension of 21. For a generic element x the element Wx is again generic if W is invertible.
Let 21 be an algebra with inverse. Denote by T(2l) the set of invertible transformations W: 21-»2t for which there exists an invertible linear transformation W* : 21->2I such that
Applying A* on this identity and using the chain rule we get
Conversely, (7) follows from (7') using (4). Hence the conditions (7) and (7') are equivalent. In particular, W* is uniquely determined by W. It is easy to see that T(2I) is a group and moreover that W-*W* is an anti-homomorphism of T(2Ï). We call T(2I) the structure group of 21. Since xr 1 is a generic element too, we may replace x by x~l and W by W-1 in (7). Then the formula (2) yields W*Gr(«) and (W#y = WiorW<ET(%).
From (7) 
Then T and Q are polynomials in Z. From (7') and (8) follows
IT(W)=K(W)
and W#Q(W)=7r 2 (W)Id, whenever ^Gr(SI). Hence
whenever IF£r(SI). Vice versa, let W be an invertible linear transformation satisfying (7")-Then 7r(W)T^0 and the transformation
we see that (7) is a consequence of (7"). Therefore an invertible linear transformation W belongs to T(SI) if and only if (7") is satisfied.
If the field $ is infinite, then the identities (7") can be replaced by conditions iCi(W) =0 where in are polynomials in the generic element Z with coefficients in <&. Hence r(3I) is a linear algebraic group defined over <£, whenever $ is infinite.
Since the inverses of SI and SI + coincide, we have r(3I) =r(3I + ). Let V be an automorphism of the algebra SI. Then V is an automorphism of 31 also. Consequently we get (Vx)~1= Vx~~l, because the inverse of a generic element is uniquely determined. Therefore any automorphism of 31 belongs to r(3I). LEMMA 
Let %be a commutative algebra with unit element e. Then a linear transformation V of % is an automorphism of 31 if and only if FGr(SI) and Ve = e. In this case F#= V~\
Note that any commutative algebra with unit element is an algebra with inverse.
PROOF. We know already that the statement is true if V is an automorphism of 31. Conversely let FGT(SI) and Ve = e. We may conclude F#= V- 1 by substituting e for x in (7'). Applying A£ on (7') the same arguments leads to V*H(e; Vu)V=H(e; u). Hence, from (6) we get L(Vu) V= VL(u), and consequently Vis an automorphism of SI.
For an algebra with inverse, denote by Jo(Sl) the orbit of the unit element e under r(Sl), that is, let h(W) = {We\ 1761X31)}. Using (7') and W* GT(3l) for Wer(St), we see that
Consequently (7) and (7') leads to
There is a natural algebraic structure on the set J 0 (2I) : We define a composition w-z; for u y 2>G^o(3I) by
This is well defined because Io(3I)C^(3Q. An easy calculation using (2), (3), (4) and (9) leads to
In general, the map v->u-v is not an injection of I 0 (A).
Following O. Loos we call a set having a composition u-v a reflection space, if the composition fulfills (R.i)-(R.iii). Using (7) and (7') we calculate W(u-v) = Wu-Wv for WGr(«). Consequently, r(3t) is a group of automorphism of the reflection space I 0 (3I). 4. Let 51 be an algebra over $ with unit element e satisfying XX " * -X X» By linearization we find that in
both expressions define the same transformation P(x). Equivalent with this definition is
In particular, we have P(e) -Id. We call P the quadratic representation of 31. We conclude from (10) that the quadratic representation of 31 and of 3ï + coincide. An algebra 3t with inverse is called homogeneous, if, for any field extension 25 of 31 having algebraically closed ground field, the group r(23) acts transitively on the set 1(53), the set of invertible elements of S. THEOREM 1. Let 3t be an algebra with inverse {satisfying X X -~ XX in case of characteristic 3). Then the following statements are mutually equivalent:
(i) 31 is homogeneous.
( 2 is satisfied (see Lemma 1) and consequently P(x) is well defined. We may assume that 31 is commutative.
ii) \H($)x\~l -R~1(y)xr 1 , x and y being generically independent. (iii) i7(^)GT(S3) and H#(u) ~H(u),for any invertible u
The equivalence of (ii) and (iii) follows immediately from the definition of r(2I) and the fact that in H{y) the generic element y can be specialized to any invertible element ^ES3.
In order to show that (iii) is a consequence of (i), we may assume that u is a invertible element of 93 and that S3 has an algebraically closed ground field. Choosing W£r(S3) such that u = We we see from (7') that H(u) =H(We) = W*W£r(S3), because W* belongs to T(S3) also.
Next we use the fact that for commutative algebras (ii),
and L(xr l ) commute, are mutually equivalent and each of these statements implies H~l(x) = P(x). This is proved in part (c) of the Equivalence-Lemma in [l, p. 67], for strictly power associative algebras. Checking the proof we see, that it works for commutative algebras because (v) and (vi) imply x 2 x~~1 = x. Consequently (ii) implies (v) and Tf"" 1^) = P(x). Therefore P{x) and L(x) commute and hence L(x 2 ) and L(x) commute. Thus % is a Jordan algebra.
Finally let 21 be a Jordan algebra. Then L(x) and L(x _1 ) commute.
Consequently (ii) and therefore (iii) and H~1(x)=P(x)
hold. It follows that P(u) belongs to T(S3) for any invertible element w£S3, where S3 is any field extension of 21. Now let S3 be a field extension of 21 having algebraically closed ground field and let v be an invertible element of S3. We choose an invertible element ^£S3 such that v -u 2 The algebra % is said to be nondegenerate, if there exists a normal linear form X of % such that the associated bilinear form \(uv) is nondegenerate. It is easy to see that any nondegenerate algebra contains a unit element.
Linearizing the identities uu 2 In this case W# is the adjoint transformation of W with respect to the bilinear form HS(uv).
9. Finally we discuss a sufficient condition for an algebra to be strongly-homogeneous. By analogy with the Corollary 2 of Theorem 1 we consider a noncommutative Jordan algebra 21 for which L(x) belongs to the structure group r(2t), whenever x is a generic element for 2t. Using , where x, y are generically independent elements, is a stronglyhomogeneous algebra.
Since any two elements in an alternative algebra generate an associative algebra we get COROLLARY. Any alternative algebra is strongly-homogeneous.
Using (15) and Theorem 9 one can show that any non-degenerate algebra satisfying (x^) -1 :^^" 1^"1 is alternative.
